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From Counting Raindrops to the Fundamental Theorem

Josef Bohm", BHAK St.Pélten
W.Prépper?, Bayernkolleg, Niirnberg
email: ¥ Josef.Boehm@blackboard.at,

2 w.proepper@wpro.franken.de

In this workshop you will use the Propper-Bohm coproduction integ(), a TI1-92
package, to explore various numerical integration methods, compare their convergence
and find a way to the Fundamental Theorem. Although a couple of examples have been
provided, additional comments, suggestions, improvements are appreciated by both
presentators.

The problems offered are only suggestions and can be changed and extended in many
ways. The presentators hope to initialize own ideas and investigations for enriching
calculus teaching in the class room. Some of the problems could be a source for class
projects.

1) f(x) = 2(x+2)e 3
Find the area enclosed between the graph and the x-axisfor -1 £ x £ 6.
Plot the function graph and find an approximate value using 7 strips. Use the T1-92 for
calculating the function values. Produce a hand sketch of the graph with the in- or
circumscribed rectangles or trapeziums.
Use integ() and apply the Monte Carlo Method. (with at least 200 "rain drops").
Add all results of your group and calculate the average.
Produce a graphic representation of the mean for n=200, 400, 600, ....... drops.
Apply other methods using n = 20 strips (graphically), note the results.
Compare the results with the "Random result".
(Geom. Sequence decomposition does not work, because of one negative bound)
Apply Option ® to compare the convergence of the methods. (Choose 3).
1. Generalization: Try three methods using n strips. Find the limitfor n® ¥.
Do you have any idea, why both LowerSum and UpperSum don’t work?
2. Generdlization: Try three methods using a and b as lower and upper bounds. Find
again the limit for for n® ¥ . Save one result as area.
Leave integ(). In the Home Screen substitute x for the upper bound b and define an
area function area(x) with x as variable upper bound. Find the 1st derivative of this
function!!!

2) f(x)=sin(x);

Find the area between graph and x-axisfor O £ x £ 2p.

Produce tables for different methods for n = 10,20,30.......... (graphic representation!)
Monte Carlo with n = 100, 200, 300, 400, 500, 600, ......

f (x) =|sin(2x)| O£ x £ 2p; same as above
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3) Explain the "Pulcherrima”
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3 2 12

x. £+§+—; -1£x£3

15 10 2 5

Apply Simpson’s Rule and Pulcherrima using n strips. Can you interpret that
unexpected result?

Make it possible to apply the "Geometric Sequence Decomposition” despite the
negative lower bound!

4) f(x)=-

5) Find the generaized integration rulesfor:
b b

b b
kN N \ . \C
Q xP dx: Qe dx; Q sinx dx; O)de
a a a a

6) Make aconjecture for aformulafor the area of an ellipse.

7) How to handle a discontinuity within the integration range?

4
\ 10
ad O;=dx withn=10,......,60 (10) any method!?!
) 0 3lX2

which of them will not work and why not?

4

10

O%/:zdx withn stripsandn® ¥,a® 0
X

4

110
b) OZdx withn=10,..... , 60 (10) any method!?!
o X

Can you see a difference in the convergence behaviour?
4

~10

O—<dx withnsripsandn® ¥,a® 0
X

0

8) Find afunction with two jump discontinuities. Produce a numerical approximation for
the area between the function graph and y = 0. Is there any thing you have to take care of?
Plot the function graph and the integral function on the same set of axes.

9) Find a function with a non differentiable place within the integration range. Plot the
integral function.

10) There are some relations between the various numerical approximations. Verify - and
then proof!? - the following ones using a self chosen function:

well known and easy explained: 2* Strap = Sierr + SrigHT!
well known? 3* Ssimpson = Strap + 2* Swip
also well known? 3*SIMPsON(h) = 4* TRAPEZ(2h) - TRAPEZ(h)

11) Try the following: take a generic function g(x) or wolfgang(x) or josef(x), bounds
aand b, number of strips = 1 and choose any method. Interpret the result.
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12) Find a numerical approximation for 5

International DERIVE/TI1-92 Conference

10

P X
0} o> 2

= 2

05(e + X%)

3
g 10 + x
2

How many strips are necessary to obtain a4 digit accuracy

Left- or RightSum,
Midpoint Rule, Trapezium Sum,
Simpson’s Rule, Pulcherrima.

Compare with the TI-92°s n I nt-function.

4 _.2
4 a&X - X0
. . - O 1 S5 . v_ _
13) Find anumerical approximationfor § ——e dX; X=35s =15
8 S\2p
2
Selected answers
o pram1ols et sz |
s, J0OFopst 20077 - ik areal ¥r
Random Rain: e
24,2550 R Areaof therectangle=7* 9=63
iy — 63 :area=77:200 --> area= 24.2550
appEoxE ;._'1 ' -
4. 2550 / B - I
==» [EMTER] - st L
! = - e e ~
NTEG_E RAD AUTO FUNL 0730 — e
1 Fz F> F4 FE Fa™ F7 1 Fzr Fz Fu4 FEr Far 7
- E Flot Setup|Cell|Header|Calc|Util|Stat - E Zoon|Trace |[ReGraph|Math|[Draw|« ﬁp
DATH
o] c3 cd
1 2 24, 2550 200 24,2550
2 208 27 F2anf4aa 25,9875
3 el 27 B4EH 0D Z26. BOFH
4 2R 26. 4180200 26,5595
5 [zo@ P OEI0[ 1000 |26, 4600 Cf e
& 21 2. 92101200 20. 2035
7 2 =9. EESE] 1400 24 . a3
cl=seq¢200.n,.1,.11>
INTEG_E FAD AUTO FUMEC INTEG_E FAD AUTO FUMEC

1 Fer | F= &l FE | F&™ |F7
. ] - E Zoon|Trace [ReGraph|Math (Oraw( - ﬁp

LeSum = m =
e 24, 24,6095 24,5625 TrSum + + +
MiSum x =
20 24, 24.5744 24,5626 . . Simps ° ° ©
30 24, 24.5678 24,5626 & 4] W & B B
40 24, 24,5655 24,5526 +
S0 24, 24,5645 24,5626
L&E 24,5985 24,5599 24.5639 24,5626
== [EHTER] continue ==[Enter]
IHTEG_E FRD_AUTO FUNHL G/50 MH:|  |INTEG-E FRD_AUTO FUNL [F riLIE]

|’r1vT i T [ T i T FEw T FE,
Tool=|Params Method|Compar. [IntFunc|Expls ]

R T e [T

actual function: nufer i
¥
Flxd= 2[5+ 2] =
wE[-2 .. 7l; usl-1 .. 101
Integration range: [-1 .. &1

Humber of strips-dropsi n

Mid Point Rule:

cally
5 -
14.25°N -[97”3—8]+49-e3”+1-e'
=5 :
e M —q]n [ES-r'u

INTEG_E FAD AUTO FUNC 1430

INTEG_E FAD AUTO FUNC 1430

[plrocess displaged results End=I[Enter]
LEL:|
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£ ™
Store as +i |ared | p—— Done
Ent sr=0K ESC=CAHCEL ® 5res
a a b ;i'h
6 led (b+2)+T e —(a+5]-e7 |8 =
expand{ansz{l})
INTEG_E RAD ALUTO FUHC 4/20 INTEG_E RAD ALUTO FUHC /20
Fzr F4r B Fzr F4r F&
- {—lngebralEalc Other PPngDlElear a—z.. ] - {—lngebralEalc Other PPngDlElear a—z.. ]
2 2 b | [T T e
e leS(b42) 4T 6% —(a+5)el|e 2 T . sreat one
3 a hh _= _= _3 _3
" expand| -6 3 (I-J+2:I+39 —I:a+5:|e Beoxee D —30-e S +6-3-6 5 +3I0-e 7
55 2 =5 _ I TR Tw
s ' -3~ 1-3 1-3 . e D e 2
O P G O G P o S 2xed tde
ans (1 >Fareathl| dlarea{xd x)
INTEG_E RAD ALUTO FUHC =20 INTEG_E RAD ALUTO FUHC B/20
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Mid Point Rule: climit for ped Simpsont
6la-e773 11072 i 7 7,
9 le T M4 By BN T TNE ]
- 2
zledn o] n2
[plrocess displaded results  End=[Enter] [plrocess displaged results  End=[Enter]
INTEG_E FAD AUTO FUMC 1/30 1| |INTEG.E RAD AUTH FUNC _1/=0 |

riv']’ Few ']’ ']’ ']’ FE T F&
[Tn:u:rls Farams Hethnd Cn:impar‘ IntFunc|Expls ]

Simpson: (limit for newes
gla.e™3-11].072

[plrocess displaged results

actual functiond numer-ical 1y
.
Flr=2(2+2)6 5

1]
bl

#=E[-2 .. 7ls sl -1
Integration range: [a ..
Humber of strips~dropsi n

INTEG_E RAD AUTO FUHC 1/20

End=[Ent.er ]
LU

INTEG_E RAD AUTO FUHC 1/20

Tiir i L T ==€?{r1;.]

ffactory

- i B
N PR Y
AT BETS

1

Trapeziuf % EﬁEEQﬂE
41 combenom.
S:limc. _,a 73
Egilimi, .. b, 72

(a-b) 1-2n) e

Wi ;
tdefinite integral
tdifferentiate
forig. result
Cl=tore as =+

[plrocess displaged results  End=[Enter]

UJII'-J:I

tlimit for newl

b
—Ea+5]93]? 3

Trapezium sum:
a

-El
-5{ (b+2)+3 e

INTEG_E RAD AUTO FUHC 420

[plrocess displaged results  End=[Enter]
INTEG_E RAD AUTH FUNC _1/=0 |

Find an area function and produce itsfirst derivative.

r T T T Fi T T F&
- ngebra Calc|dther F'r*-ngI:l Clear a—=z. ]
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T

it F'r*r-gsmII:l |=Z:

S
LI

Fir Fzr

Fzr

[Tn:u:rls Farams |Method Cn:impar‘

Y F&r

IntFunc E:x:p l= ]

Uppetr sum: [ Uppetr sum:
n _n
=] 1 ff
El=T=l gl SpphoxE
. E2E35 5142
==3 [EMTER] o ==3 [EMTER] _
HTEG.E RAD ALTO FUNC 0730 TPME|  [INTEG.E RAD ALTO FUNC 0730 T
random decomposition (n = 20) Monte Carlo with 1000 drops
T T T s r "~ FE N
sl w.i:TEZ 35: Trigg F'r*ngI:ll Fl T T “s F'r*-ngDli:i.:s-e:i* .s:--::J
- 0 - Fl'h
Rand. Subdiu, Random Raind DPDP;S. mE'E' In areas s
- 0277 / 4, 1469 ;
El=T=l gl SpphoxE
=L 27T 4,149
== [EMTER] ) ) == [EMTER]
HTEG.E RAD ALTO FUNC 0730 Tea|  [INTEG.E RAD ALTO FUNC 0730 FauH
3)

actual function: numer-ical 1y Simpsont
s 2 17z
_ w7 F-m 3o ==
flxl=—xg o t~-5t125 15
#E[-Z.0000 .. 4.0000]73 ys[-1l.00oa ..
Integration range: [-1 .. 31
Humber of strips-dropst n
[plrocess displaged results  End=[Enter]
INTEG_E RAD ALTO FUNL_ G720 INTEG_E RAD ALTO FUNL_ G/ =0 |

Trandlation to enable the geometric sequence decomposition

|’F1 ']’ Fer TF3~rT Fi T FE T F&
- E Algebra|Calc|[0ther|[PramI0|C]ear a—z...]

Fir

']’ Few ']’ ']’ ']’ FE T F&
[Tn:u:rls Farams Hethnd Cn:impar‘ IntFunc|Expls ]

3

actual functiond araphically

- 2
®T o 3H 3o .3 = ]
" of 15 ~~18 tTz Tl POt Sl \-LE- PP
(k=21 Z(x-20% 3(x-2) oA
[ — e — e — "
- + +12-5 %
15 ic 2 ®E[-Z2. .. F.l3 ysl-1. .. 4.1
'::{3 +x_2+ 19-x 1915 Integration range: [1 .. 531
15 16 i Humber of strips<drops: 10
integ{)
TNTEG.E RAD AT FUNC 2730 THTEG.E RAD AT FUNC 5730

i i:-\.T'-

-E‘.F'PF'%IENIQli:

Geom. sequehc
_[?D_nglﬂ

SPProx:
11.5

== [EMTER]

/.

—
MTEG_E

RAD AUTO

FUNC 0730
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The generdization with limit n® ¥ does
not work. The Tl is unable to compute
the sum. But you can do it by parts:
-x"3/15 leads to partl,
The sum of the four limitsis: 172/15.
(fortunately!!!l)
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riv']’ Few ']’ v ']’ Fi ']’ FE T F&
[Tn:u:rls Farams |Method|Compar. |IntFunc [Expls ]

T Tiw ] e
et R P T I

actual functiond numer-ical 1y

HOEES

#E[ -2 0000 .. F.EE000]; us[-l.0008 .

Geom. sequencet

[

1
n

Integration range: [a .. bl [E] ‘1
Humber of stripssdrops: n a
[plrocess displaged results  End=[Enter]
INTEG_E RAD ALTO FUNL_1/z0 INTEG_E RAD ALTO FUNL_1/z0 |

Geom. sequence: Climit for newel

o)«

[plrocess displaged results  End=[Enter]
INTEG_E RAD AUTH FUNC _1/=0 |

6) Ellipse(a=5,b=23):

2 2
LN

25 " 9

1®

Unfortunately the TI is unable to
perform the summation for the trig
func-

tions. So we cannot derive the
integration rules for sin(x) and cos(x) -
unlike carrying through the same
process with DERIVE.

|’r1vT i T [ T i T FEw T FE,
Tool=|Params Method|Compar. [IntFunc|Expls ]

T FS T i
i1 |Prgm IO L

_.;.:._ 1y

actual funchion: araphically Randam Rain: DPF'F.S: 1'?':E|E| i lrl‘l flr_‘:ﬁ?!.:'_f
.2 24,2
3 - 23
. [xS )
HE[E 0 613 wEl-1. .. 4] SRpros
Integration range: [-5 .. 51 24,2
Humber of strips-dropsi 1000 ==> [ENTER] ; T PR 3
THTEGE FAD ALTD FIRE 1730 NTEG.E RAC ALTD FOHL_ 0730 AUSE]

|’F1 T Fev Trsz Fur T FS T F& ]
- E Algebra|Calc|0ther|PrgmI0|Clear a-=..

Fiv Fev Fzv Fa FEv FE
Tool=|Params Method|Compar. [IntFunc|Expls

actual function: numerically

E:DPlﬁ. result

[plrocess displaged results End=I[Enter]
INTEG_E RO ALTO FUME 1730

.2
R R ]
" integ) Dorel fixd =—[ 5 ]
=g 24,2
"4 152 483 | wel-6.0000 .. 6.00001; wel-1,0000 ..
] 458_'33 322 Integration range: [-5.0 .. 5.01
- Mumber of strips<drops: S0
ans{1>/¢5%3>
INTES_E FiAD AUTD FONC 4750 INTEG_E FiD AUTO FONC B30
T (7 [ it —FH_TWTH_TTTTﬁ
ST factort L. L. . ] - E Algebra|Calc|0ther|PrgmI0|Clear a-=..
. .| 2iexpandt
Simpsoni ELEPF'EDX( )
i comDenam
ZEI522 SR E T
%E%].NE .,b,gh  jinteql) Dore
it e =h_ell 23,5522
a geg}nitetin%EgPEI m2E.552194333729- 2 47 . 1044
Poria. Pesult o 47, 104355667458 = 1483

-9
anst1 2/ (3%52

INTEG_E FAD AUTO

FUNC 4430

The root describes a circle with area = 25p, al function values are multilpied by 3/5, so
the area of the éllipse should be: .........cccvveieenene
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Fiv Fev Fzv Fa FEv FE
Tool=|Params Method|Compar. [IntFunc|Expls
actual function: numerically

1o 37.0333
10

20 39,2153 F(x)=ﬁ

30 40,2776 *

40 40, 9430 wE[ -6, 0000 .. 6.00001:; wsl-1.0000 ..
SO 41,4273 Integration range: [a .. 4.01
Led 41,7325 Humber of strips-drops! n

== [ENWTER]I
INTEG_E RO ALTO FUME 1730 EME|  |INTEG-E FAD ALTO FUME 1730

z 1 [ -2 2
2 12| == + =
h 19-[2”-[&]”—1]-9 s
a x
k=1 k_17 = 1
SR PR
5" "z 3"

Geom. sequence: Jwith a>0>
-1

2
'19'32/3-[[:2-.3)1/3—2].2"1 53N .5l

1 277°( 2 .
alam 4o 123 JFn gy

+

INTEG_E FAD AUTO FUNC 1430

[plrocess displaged results End=I[Enter]
LEL:|

INTEG_E FAD AUTO FUNC 1430

[plrocess displaged results End=I[Enter]
LEL:|

Geom. sequence: (limit for nee)

za-(rz 21177 - 2]
13

Geom. sequence: (limit for a20+)
[=io]

213

approx: 47.6220

INTEG_E FAD AUTO FUNC 1430

[plrocess displaged results End=I[Enter]
LEL:|

INTEG_E FAD AUTO FUNC 1430

Fiv Fer ad Faw FEw FE
7b) o ] Toolz|Params Method|Campar. [ IntFunc|[Expls
ST L PR A -
actual function: numerically

10 128.8721 10

20 2442406 fly=—%

30 3E7.6104 *

40 430,3504 wE[ -6, 0000 .. 6.00001:; wsl-1.0000 ..
SO 614.3504 Integration range: [a .. 4]
L&l F3E7.FZ04 Humber of strips-drops! n

== [EHTER]
HTEG.E FAD ADTD FUML 3730 TMH:|  |INTEG.E FAD ADTD FUML 3730

[plrocess displaged results End=I[Enter]
LEL:|

4

Geomn. sequences

Geon. sequehce!
“S5-la-4)
23

z 1
ZF.[I]n

3,

[

1 2 17
1]n . [N
Y LY [ LY Y

(limit for neel

Geom. sequence! (limit for a0+

w

[plrocess displaved results End=[Enter ]| [plrocess displaded results End=[Enter ]| [plrocess displaued results  End=[Enter]
INTEG_E RO ALTO FUNC /30 | INTEG_E RO AUTO FUNC 3/30 T | iNTEG_E RO AUTO FUNC 3/30 LEw:y |

8)

FiT Far [ [
Tools Par‘ansTMethodTCompar‘. I

]

actual function: . Intearal A Intearal function #1
=zi i - function:
fixl==signix+ 2) + signix — 4) + . S0E0 J‘>f4 FOLIEL =[5 + 2] + 3 — 4] + 5008« - 8.00
#E[-5F .. G.008813 e[ -5.0000 .. J.ea 0 b e
Integration range: [-4 .. 51
Humber of strips-/drops: 15 [rilew IntFung
[alnalutical ]
LeInd ey 1ntFune [alraphically Lelr
THTEG_E FAD ALTO FINC 2730 NTEG-E R ANTO FUNC 0050 T |inTesE FAD AUTO FUNC 0730 LEusy]
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